Magnetohydrodynamic Turbulence in the Plasmoid-Mediated Regime
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ABSTRACT

Magnetohydrodynamic turbulence and magnetic reconnection are ubiquitous in astrophysical en-
vironments. In most situations, these processes do not occur in isolation, but interact with each
other. This renders a comprehensive theory of these processes highly challenging. Here, we propose
a theory of magnetohydrodynamic turbulence driven at large scale that self-consistently accounts for
the mutual interplay with magnetic reconnection occurring at smaller scales. Magnetic reconnection
produces plasmoids that grow from turbulence-generated noise and eventually disrupt the sheet-like
structures in which they are born. The disruption of these structures leads to a modification of the
turbulent energy cascade, which, in turn, exerts a feedback effect on the plasmoid formation via the
turbulence-generated noise. The energy spectrum in this plasmoid-mediated range steepens relative
to the standard inertial range and does not follow a simple power law. As a result of the complex
interplay between turbulence and reconnection, we also find that the length scale which marks the
beginning of the plasmoid-mediated range and the dissipation length scale do not obey true power
laws. The transitional magnetic Reynolds number above which the plasmoid formation becomes sta-
tistically significant enough to affect the turbulent cascade is fairly modest, implying that plasmoids

are expected to modify the turbulent path to dissipation in many astrophysical systems.

1. INTRODUCTION

Magnetohydrodynamic (MHD) turbulence plays an
essential role in a variety of space and astrophysical
systems, ranging from stellar coronae (Matthaeus et al.
1999; Cranmer et al. 2007) and black hole accretion disks
(Balbus & Hawley 1998; Brandenburg & Subramanian
2005), to the interstellar medium (Armstrong et al. 1995;
Lithwick & Goldreich 2001) and galaxy clusters (Zweibel
& Heiles 1997; Subramanian et al. 2006). It is therefore
of paramount importance to understand MHD turbu-
lence at a fundamental level to arrive at a detailed com-
prehension of these phenomena.

A characteristic feature of MHD turbulence is the de-
velopment of small-scale current sheet structures that
are prone to magnetic reconnection (e.g., Matthaeus &
Lamkin 1986; Politano et al. 1989; Biskamp 2003; Ser-
vidio et al. 2009; Zhdankin et al. 2013; Wan et al. 2013).
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Indeed, it is well known that thin current sheets can be
unstable to reconnection instabilities (Furth et al. 1963;
Coppi et al. 1976). This, of course, raises the important
issue of evaluating whether, and how, magnetic recon-
nection impacts the turbulent cascade. Magnetic re-
connection via tearing modes does indeed produce plas-
moids (flux ropes) within current sheets that give rise to
a turbulent scenario which is qualitatively different from
the homogeneous Alfvénic turbulence picture (Huang &
Bhattacharjee 2016).

For plasmoids to be relevant, they have to disrupt
the current sheet within its characteristic lifetime, i.e.
within one nonlinear eddy turnover time 7). On this
basis, it has been proposed (Mallet et al. 2017; Loureiro
& Boldyrev 2017; Boldyrev & Loureiro 2017) that cur-
rent sheet structures in a turbulent environment disrupt
when 1,1 ~ 1, with v indicating the growth rate of the
fastest tearing mode. This condition has been used to
evaluate the scale at which the inertial range breaks and
to propose a different energy spectrum and dissipation
scale, thereby providing an intuitive picture of plasmoid
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effects in a strong turbulent cascade. On the other hand,
assuming 7, ~ 1 at disruption overestimates the effects
of magnetic reconnection on the turbulent cascade. In
fact, for this case, the seed noise of the plasmoid insta-
bility would be amplified only by a factor ~ e! ~ 2.7 in
one eddy turnover time, which is too small to destroy a
current sheet structure. Consequently, current sheet dis-
ruption occurs at smaller scales when 7, > 1 (Comisso
et al. 2016, 2017; Huang et al. 2017) 1. In particular,
~Tn1 at disruption must depend on both the noise level
and the magnetic diffusivity 7. It follows that the action
of the plasmoid instability is dictated by the turbulence
itself, and a more refined quantitative analysis necessi-
tates a detailed theoretical treatment that incorporates
this complex interplay.

It is the primary goal of this paper to develop a re-
fined quantitative theory that self-consistently accounts
for the mutual interaction of magnetic reconnection and
turbulence. Fluctuations arising from turbulence pro-
vide the noise that seeds plasmoid growth, and, in turn,
the plasmoids disrupt current sheet structures, thereby
modifying the turbulent energy cascade and eventually
exerting a feedback effect on the plasmoid instability
via turbulence-generated noise. This unified picture is
a novel feature of our analysis, and is manifested in the
relevant physical quantities that are no longer simple
power laws.

2. CURRENT SHEET DISRUPTION

An important feature of MHD turbulence is that it
becomes increasingly anisotropic toward small scales
within the inertial range. In particular, turbulent struc-
tures display anisotropy in all three directions (Politano
et al. 1995; Zhdankin et al. 2013; Makwana et al. 2015):
A < & < [). Here, A and § are the dimensions of a
given structure in the plane normal to the local guid-
ing magnetic field, the field-perpendicular eddy size and
the fluctuation-direction scale, respectively, while [ is
the dimension of the structure along the magnetic field.
This anisotropy can be understood in terms of two phe-
nomenological observations, the critical balance condi-
tion (Goldreich & Sridhar 1995) and the scale-dependent
alignment (Boldyrev 2006; Chandran et al. 2015; Mal-
let & Schekochihin 2017). The first expresses the ten-
dency of the turbulence dynamics to be attracted to-
ward a state in which 74 = ZH/VA ~ Ty throughout
the inertial range of the strong cascade, while the latter
is based on the realization that the magnetic and ve-
locity fluctuations, dvy and &by, become spontaneously

I Furthermore, a technical but important aspect is that v >>
1/ is necessary for applying standard tearing mode theory.

aligned in the field-perpendicular plane with a small
scale-dependent angle 6. In particular, the inverse-
aspect-ratio A\/{ ~ sinfy < 1 can be estimated as
sinfy ~ Oy ~ 6bx/Va ~ (A/L)Y* (Boldyrev 2006),
where V4 is the Alfvén velocity based on the background
magnetic field By and L is the (perpendicular) outer-
scale, at which turbulence is assumed to be critically
balanced. Note that uniform plasma density is consid-
ered and Alfvénic units are used, i.e. V4 = By.

The fact that turbulent fluctuations in the inertial
range are characterized by A < ¢ < [ implies that
magnetic field fluctuations give rise to effective current
sheets of thickness A\ and length £. However, very large
aspect ratios £/\ cannot be sustained against the plas-
moid instability. The aspect ratio at which the plas-
moid instability becomes critical can be calculated from
simple first principles. It can be done by considering
two different viewpoints, that of a rapidly forming cur-
rent sheet, and that of a static one. The solution for
a generic current sheet formation, based on a principle
of least time, has been derived in Comisso et al. (2016,
2017). For Alfvénic (exponentially shrinking) current
sheet formation, it was shown that plasmoids become
nonlinear when
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where S = fvan/n is the Lundquist number based
on ¢ and vy, which is the Alfvén speed associated
with the perturbed magnetic field at scale A. Moreover,
€ = €/(0b)§) is a normalized amplitude of the noise that
seeds the instability, and « is an index that depends on
the spectrum of the noise. 2 Here the noise is assumed to
have a general power-law form, i.e. 1y = €(ke&) ™, with
k¢ indicating the wavenumber in the ¢-direction, which
turns out to be valid as a zeroth order approximation.

On the other hand, an alternative estimation of A/,
can be done by determining the growth rate of the in-
stability in a fixed current sheet such that the amplitude
of the perturbation grows from the noise level to non-
linearity (di,) in one 7y, i.e.
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Here we have used &y, = [77fy)\2/(lc§vA>\)2]1/4 for the
inner resistive layer width and wy = Z(w())\/(Sl),\)l/2 for

2 From Eq. (1) it should be clear that S¢ and é must be under-
stood as being evaluated at the scale indicated by the asterisk.



the seed geometrical width (e.g., Biskamp 2003). Since
the current sheet has no time dependence in this case,
it is clear that the mode that disrupts the sheet is the
fastest growing mode, for which
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where Sy = Avax/n and T4¢ = {/van, while the mul-
tiplicative coefficients are ¢,y ~ 0.623 and ¢,y ~ 1.358
(Furth et al. 1963; Coppi et al. 1976) for the common
Harris-type sheet. Furthermore, taking the local 3D
anisotropy into account, one can define the nonlinear
timescale in the inertial range as 7, = A/(dvy sinf)),
and from critical balance 7, ~ (/\L)l/Q/VA ~ Tag.
Therefore, replacing 7,1 with 74¢ and substituting Eqs.
(3) and (4) into Eq. (2), we end up with an equation
identical to Eq. (1) up to a multiplicative constant of
1.52. 3

Equation (1) can be solved exactly in terms of the
Lambert W function to obtain
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where we have introduced
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with @ = 2/(2 — ba). Given the inverse-aspect-ratio
Ai/&«, we can easily show that the growth rate at the
end of the linear phase is

w
VTAE = Cy OEO ; (7)

where ¢,/cyy ~ 1. It can be shown a posteriori that
Y« > 1 /71, as it is required for the instability to amplify
the perturbation to a significant size within one eddy
turnover time.

Note that the plasmoid width at the beginning of the
nonlinear phase satisfies A'w, = 2 (Comisso & Grasso
2016; Comisso et al. 2017), where A’ is the tearing sta-
bility parameter associated with the wavelength that
emerges first from the linear phase. This condition im-
plies that the early nonlinear growth of the plasmoids
occurs through a fast Waelbroeck phase (Waelbroeck

3 This agreement arises because the intrinsic timescale of the
plasmoid instability is near-universal for exponentially thinning
current sheets (Comisso et al. 2016, 2017).
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1989), which could be further accelerated by the dis-
ruption of secondary current sheets, until the plasmoids
reach the size w ~ X in a short timescale (Comisso &
Grasso 2016). However, despite this scenario, one can
define the current sheet as having been already disrupted
at the inverse-aspect-ratio \./&.. Indeed, the current
density fluctuations caused by the plasmoids at the end
of the linear phase are on the same order of the current
density of the current sheet, implying that the latter has
lost its integrity (Huang et al. 2017).

The length scale at which the plasmoid instability
can disrupt the current sheet structures is expressible in
terms of the magnetic Reynolds number R,, = Vo L/n,
which is defined with the outer-scale velocity V. Sub-
stituting the scale-dependent alignment relations &, ~
Ay/sindy and S¢ ~ (A./L) R, into Eq. (5), and then
solving for \., we obtain

\ ~ 8/7
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where we have defined
Y=a (26€3)75‘R7(3—a)/(6+9a) , (9)

with & = —14/[9(2 4 3«)]. This relation yields the scale
at which the plasmoid generation in tearing unstable
current structures is statistically significant enough to
affect the turbulent cascade. In particular, from Eq.
(8) we get the wavenumber k, = 2m/)\. above which
the energy spectrum may change because the turbulent
cascade enters the “plasmoid-mediated range”.

At this stage of the analysis, A, still depends on the
normalized amplitude é and the spectral index « of the
noise seeding the plasmoid instability. Both of these
quantities will be determined self-consistently in Sec.
3 using information about the turbulence energy spec-
trum. Furthermore, a final important point that must
be kept in mind is that the plasmoid instability can af-
fect the turbulent cascade only if A, > X,, with A,
indicating the dissipation cutoff scale in the absence of
statistically significant plasmoids. This condition, which
sets a threshold for the magnetic Reynolds number R,,,
is discussed in Sec. 5.

3. ENERGY SPECTRUM IN THE
PLASMOID-MEDIATED RANGE

In the inertial range of strong incompressible MHD
turbulence, two field-perpendicular energy spectra,
E(ky) ~ €2/3k7°/® (Goldreich & Sridhar 1995) and
Eky) ~ 52/3L1/6k13/2 (Boldyrev 2006), have been
derived under different assumptions. However, neither
of these spectra can hold in the “plasmoid-mediated
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range”, where the interactions due to the plasmoids be-
come significant. To determine the energy spectrum in
this range, we consider the standard constant energy
flux requirement

(by)?

Tnl

= const = ¢, (10)

but in this case it is the plasmoid instability that sets the
nonlinear timescale and modifies the attainable aspect
ratio of the current sheet structures. Therefore, using
Eq. (7), we have
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Substituting this timescale into Eq. (10), we find that
the magnetic field fluctuation at scale A satisfies the
equation
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To obtain by as a function of A in the plasmoid-
mediated range, we need to solve this implicit equation.
This requires us to adopt a suitable expression for £ as
a function of A, as well as determine « and é. These
quantities can be obtained through an iterative proce-
dure. However, since they occur in Eq. (12) through
the Lambert W function, which makes their dependence
weak, we find that a single iteration is sufficient to ac-
curately determine dby.

A simple approximation for £ can be readily ob-
tained by neglecting the factors involving the Lam-
bert W function in the formulae that quantify the
current sheet disruption. In this case sinf) ~
A (Bbat)  ~  (A/L)Y (A/A) TP, which implies
€ ~ LA/L)**(A/A)Y° in Eq. (12). On the other
hand, the evaluation of « requires additional informa-
tion from the energy spectrum. In particular, we are
interested in fluctuations in the £ direction, since these
are the perturbations that trigger tearing modes. Eq.
(12) indicates that dby oc A*® at the zeroth order.
Therefore, since & x A\?/®, we have by kgl/?’, which

implies E(k¢) k£_5/3 at the zeroth order. Finally, the
relation E(ke) ~ ¢¢ke = (€2/€)(ke&)' 2 allows us to
specify

a=4/3, a=-3/7, a=-7/21.  (13)

Using this information, and the relation L = V3 /e from
the constant energy flux requirement at the outer-scale,

we can write the solution of Eq. (12) as
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where W_; : [-1/e,0) — [—1,—00) indicates the lower
real branch of the Lambert W function.

The evaluation of the normalized amplitude of the
noise that seeds the plasmoid instability has to be con-
sistent with the energy spectrum. This requires to take
into account the energy content at a given scale (403 ),
as well as the probability of occurrence of a certain fluc-
tuation amplitude on the current sheet (f), and finally
also the projection of the fluctuation onto the unsta-
ble modes (din/A). Considering these factors, the noise
amplitude € can be evaluated as

Here, 60, is the magnetic flux associated with the en-
ergy content at scale A\, and its projection is obtained
by multiplying it with &;,/A. The factor f defines the
filling fraction, and can be estimated from geometrical
considerations. If we envision current sheets that form
between alternately twisted flux bundles (magnetic is-
lands), a close packed configuration yields hexagonal ar-
rays with current sheets that develop on two of the six
edges (see, e.g., Zhou et al. 2014). Therefore, from the
area of a regular hexagon we can estimate f ~ csA\/E,
with ¢ = 2/(3v/3). Finally, evaluating the inner resis-
tive layer width &, ~ S; '/ *€(A/€)¥/* ~ S7'/%¢ as the
zeroth order approximation, we obtain

~ 5in — )\* 6/
€~ cs? ~ csng/M()\) . (16)

We are now in a position to completely determine the
energy spectrum in the plasmoid-mediated range. In-
deed, substituting Eq. (16) into Eq. (14), we have

22/5)\3/5 [ ¢ 22 1/9\ 12/°

(17)
where the factor (5/9)(2%¢,)%/3 ~ 1 has been neglected.
Then, the energy spectrum E(k;) can be duly calcu-
lated from the relation

E(K' )dK| ~ (5by)* . (18)
ki



Therefore, taking the derivative with respect to k; of
this expression, we arrive at
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where C' is a constant and
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Eq. (19) indicates that the energy spectrum in the
plasmoid-mediated range is steeper than the —3/2
(Iroshnikov 1963; Kraichnan 1965; Boldyrev 2006; Mal-
let & Schekochihin 2017) and —5/3 (Higdon 1984; Gol-
dreich & Sridhar 1995; Howes et al. 2008) slopes that
are typically discussed for the standard inertial range.
This is because the disruption of the current sheet struc-
tures facilitates the energy cascade towards small scales.
Furthermore, differently from what was previously as-
sumed (Mallet et al. 2017; Loureiro & Boldyrev 2017;
Boldyrev & Loureiro 2017), the energy spectrum is
not a pure power law, as it includes also the contri-
bution of the Lambert W function. For ¢ approach-
ing zero, we can consider the asymptotic expansion
W_1(9x) = In(—9;) — In( — In(—3%)) + o(1). In this
case, keeping only the first term of this expansion, we
find

k.

Therefore, from this expression we can see that the en-
ergy spectrum will be steeper than the power law com-
ponent with slope —11/5. This situation is depicted in

W_1(0y) ~ gln (R;f/%kl) . (21)

Fig. (1).
The plasmoid-mediated cascade terminates at the dis-
sipation scale Ay = 27/k4, which can be determined

from the requirement that in steady-state the rate of
energy dissipation has to be equal to the rate of energy
cascade,

dE ka
i *77/ k3 E(k,)dk, = —¢, (22)

and should not depend on the magnetic Reynolds num-
ber. In practice, we have to solve the equation

R Okd k2 E(ky)dk, = ﬁ (23)
which can be expressed as
[ @i, - B
R —1(Vk L= oAn

log E
A

> log k.

ks ke kg

Figure 1. Schematic diagram of the energy cascade in MHD
turbulence at very large R,,. Labels are used to indicate the
(a) energy-containing range, (b) inertial range, (c) plasmoid-
mediated range, and (d) dissipation range. In the plasmoid-
mediated range, the slope of the energy spectrum E (k) fol-
lows Eq. (19).

An asymptotic approximation of this integral leads us
to

A _ =
2 PRI L), 25)
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9 4 \B/3 YT 1 -
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Since kL o R%7\W_1f(Rm)|8/7, at the first order we

have the approximate power-law A\g/L an?’/ 4

4. ANISOTROPY IN THE PLASMOID-MEDIATED
RANGE

As we have previously emphasized, the plasmoid in-
stability has the effect of constraining the anisotropy
of the turbulent structures by limiting their transverse
aspect ratio £/\. Here, we provide explicitly the scal-
ings for the anisotropy of the fluctuating fields in the
plasmoid-mediated range. They can be readily derived
from the disruption condition obtained in Sec. 2, which
can be rewritten as

5& —-1/2 A ~ W(¢)
(C” N )(&;Asmok)_c” L

Indeed, this condition yields

» 773/5 a 6/5 A —4/5 a 6/5
win= e vl () o)

(28)
after using Eq. (12) and the constant energy flux re-
quirement at the outer-scale. The auxiliary variable ¢
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contains the quantities £ and db), for which we can adopt
their expression at the zeroth order, since they occur in
the argument of the Lambert W function. In this way
we have

A, —-3/7 A 48/35

As can be seen from Eq. (28), the aspect ratio of
the field structures in the perpendicular 2D plane,
&/ ~ 1/sin 6y, decreases towards smaller scales in the
plasmoid-mediated range.

From Eq. (28), the coherence length of the turbulent
structures in the direction of the fluctuating magnetic
field can be easily determined as

& BNl TwO1™ (AN 9]
me{a} h (A> [a] '
Lastly, the length of the current structures, /|, can be
calculated from the critical balance condition (Goldreich
& Sridhar 1995), which gives I ~ V47y. Substituting
the espression for 7, obtained in Sec. 3 it is straightfor-
ward to obtain

l” Vi )\6/5 a 1/10 A 6/5 a 1/10
Ly " Ly el [W@J b (A) {W«)} ’
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where we have used the constant energy flux requirement
at the outer-scale.

5. TRANSITIONAL MAGNETIC REYNOLDS
NUMBER

We conclude the developed theory by determining the
magnetic Reynolds number above which the plasmoid
instability becomes statistically significant enough to af-
fect the turbulent cascade before it can reach the dissi-
pation scale. In fact, the possibility to reach the Sweet-
Parker width A ~ fo_ 1/ 2, which corresponds to the dis-
sipation scale ), in the absence of plasmoids, depends
on the value of the magnetic Reynolds number of the
system under consideration (Comisso et al. 2016, 2017;
Huang et al. 2017).

For Alfvénic current sheet formation, it was shown
that a current sheet disrupts when its aspect ratio is
smaller than the Sweet-Parker one if its Lundquist num-
ber is greater than the “transitional” Lundquist number
(Comisso et al. 2017)

where & = 2(4—a«). From this expression, using o = 4/3
and recalling that R, ~ (L/A4)Se,, we can obtain

73| 7 3 1063\ 3/T /7 8/3
Ry ~ e | =3 W —?(26) Se. . (33)

Therefore, using Eq. (32) and é ~ cSR;fT/M at A =
s, we find that plasmoid formation becomes sufficiently
important to modify the dissipation scale and the near-
dissipation part of the inertial range when

Ry > Ry ~ 5% 10°. (34)

This is a very modest value of the magnetic Reynolds
number for many of the astrophysical systems where
MHD turbulence is thought to play an essential role,
such as the solar corona, black hole accretion disks,
the interstellar medium, galaxies and galaxy clusters.
Therefore, plasmoids are expected to modify the turbu-
lent path to dissipation in these systems.

6. CONCLUSIONS

In this paper, we have formulated a self-consistent the-
ory of MHD turbulence in a regime where the turbulent
structures are unstable to the formation of plasmoids via
magnetic reconnection. A distinctive feature of this the-
ory is that it accounts for the mutual interplay between
turbulence and plasmoid formation, which is found to be
important when R,,, > R,,,.. Following the theory of the
plasmoid instability developed in Comisso et al. (2016,
2017), we have shown how the fluctuations arising from
turbulence provide the noise that seeds the plasmoid
growth, and we have determined when the plasmoids
break up the turbulent structures in which they grow.
The disruption of these sheet-like structures leads to a
modification of the turbulent energy cascade, which, in
turn, exerts a feedback effect on the plasmoid instability
via the noise generated by the turbulence itself.

We find that the standard inertial range of the tur-
bulent cascade terminates at the length scale A, given
by BEq. (8), with o = 4/3 and ¢ ~ c,Rm”/ ™. Below
this scale the current sheet structures that form in the
turbulent environment are disrupted by the plasmoid
instability, which has the effect of steepening the en-
ergy spectrum. In this plasmoid-mediated range, we
find that the energy spectrum follows Eq. (19), namely
E(ky) k111/5|W_1(19k)|4/5, which turns out to be
steeper than the power law factor with slope —11/5.
The aspect ratio £/A ~ 1/sin @) of the sheet-like struc-
tures in the plasmoid-mediated range decreases towards
smaller scales as indicated in Eq. (28). Finally, the dis-
sipation scale is reached at the length scale Ay given by
Eq. (25).



As a consequence of the complex interaction between
the turbulence dynamics and the magnetic reconnection
process that occurs in the turbulent environment, we
find that the scaling relations of the turbulent cascade
are not true power laws, which is a result that has never
been derived before. At the zeroth order we reproduce
the power laws obtained by Mallet et al. (2017) and
Boldyrev & Loureiro (2017), but more accurate rela-
tions are required to make quantitative predictions. For
example, the neglect of the factor (c‘u/VI/'(X))g/7 in Eq.
(8) would overestimate the length scale \. by one order

7

of magnitude or more, depending on the astrophysical
system under consideration. Therefore, future studies
can gainfully employ the obtained scaling relations to
evaluate the effects of MHD turbulence in astrophysi-
cal systems where it plays a fundamental role, such as
stellar coronae and accretion disks.
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